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Abstract

In general, markets compress collective information about the world (such
as the scarcity of goods, shifting cultural trends, and new political events)
into prices. Prediction markets attempt to leverage this general property to
make forecasts about the future (e.g. the weather). The mechanism designer
in a prediction market uses a scoring rule to elicit traders’ beliefs about a
particular event. If traders have common priors, pay attention to each other’s
reports, and employ a myopically optimal strategy of truthful betting (i.e.
ignore profits from future trades) then the prediction market’s prices will
settle upon a distribution all traders agree with. This thesis suggests three
new areas of research into prediction markets. First, we propose adding an
additional option to renege on reports to discourage bluffing and reticence in
prediction markets. Second, we apply rational inattention models to derive
conditions under which traders will pay attention to each other’s reports and
incorporate outside information. Finally, we draw a series of thermodynamic
analogies between the energy landscape of a physical system and prediction
markets, yielding an elegant interpretation of the mechanism.
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Chapter 1

1.1 Introduction

Prediction markets attempt to answer a seemingly straight forward question:
given a group of forecasters with varying beliefs, how do we combine their
opinions into a single coherent forecast? Upon first glance, we might think
to form an aggregate forecast by simply taking the average of each individ-
ual’s beliefs. However, this averaging approach has some serious flaws. To
illustrate, suppose we are trying to create aggregate forecasts for the follow-
ing events: (a) Trump will run for re-election and (b) It will rain tomorrow.
Furthermore suppose we have three individuals who assign probabilities of
25%/75%, 50%/50%, and 75%/25% respectively to each event. If we take
the average probability assigned to each event, then our aggregate forecast
will predict there is a 50% chance that Trump runs for re-election and a
50% chance that it rains tomorrow. This ought to imply that the aggregate
forecast for the joint event that it rains tomorrow and that Trump runs for
re-election is 50% - 50% = 25%. However, the probabilities assigned to the
joint event by each individual are 25% - 75% = 18.75%, 50% - 50% = 25%,
and 25% - 75% = 18.75%, meaning our aggregate forecast is actually 20.83%.

Alternatively, another aggregation approach is to let our agents communi-
cate with one another and agree upon an aggregate probability distribution
collectively. A heuristic justification for this approach is given by Aumann’s
agreement theorem which asserts that if two agents have identical priors,
each of them receive different information causing their posteriors to diverge,



and they proceed to iteratively report their true posteriors back and forth
to one another, then they will eventually come to an agreement (or ‘com-
munication equilibrium’) [GP82]. Prediction markets facilitate this process
by incentivizing traders to buy and sell securities of the form “pays $1 if
event A occurs.” The key idea behind prediction markets is that the prices
set for such securities after an agent’s transaction communicates that agent’s
posterior belief about event A. For instance, if the price of a “pays $1 if it
rains tomorrow” security is $0.50 and a trader believes the chance it will rain
tomorrow is 75%, then they will buy shares of the security until the price
goes up to $0.75. Thus once all profitable transactions are carried out, the
market’s prices will settle upon a communication equilibrium between the
traders, yielding a single aggregate forecast.

Our journey towards formally defining and analyzing prediction markets as
information aggregation mechanisms will begin with [Hay45| to provide his-
torical background and motivation. We will then follow [Yul2]’s proof of
Arrow’s impossibility theorem and introduce a probabilistic Arrow’s theo-
rem with [Mcc81] and [LW83]. Next, we will examine a generalized version
of Aumann’s agreement theorem from |[Aum76| and |[GP82]. From there,
[Han03] will detail the mechanics of prediction markets and illustrate the
logarithmic market scoring rule. Rational inattention models will then be
introduced using [Sim71] and [Sim10]. [T'sa20] and [Foll2] will then allow
us to apply rational inattention to market scoring rules. Finally, we will ex-
plore how Szilard engines [Szi29] and non-equilibrium thermodynamics more
broadly can be used to understand prediction markets, namely in their imple-
mentation as automated market makers as described in |[CV10]. Since many
of our results depend on various optimality conditions and bounds from in-
formation theory, we provide a primer on the subject similar to [DeD18] in
the appendix.

1.2 Background

In “The Use of Knowledge in Society,” Hayek argues that the central issue
facing contemporary economics does not simply consist in figuring out how
to optimally allocate a ‘given’ set of resources. Such problems are relatively
tractable from a mathematical point of view, and the marginalists more or
less demonstrated the bliss point to be where the “marginal rates of substitu-



tion between any two commodities” |[Hay45| are the same for all consumers.
While Hayek acknowledges the significance of this insight, he also believes
answering the question of effective allocation is functionally useless without
concrete knowledge of the scarcity which constrains economic welfare in the
first place. The truly important function of economics then involves deter-
mining what resources actually are ‘given’ to society. The difficulty in making
such a determination stems from the distributed and contradictory nature
of relevant economic data amongst millions of agents. Thus, for Hayek, the
question of how to best aggregate this decentralized patchwork of informa-
tion lies at the heart of ‘the dismal science.’

Hayek proceeds to identify three primary modes of information aggregation:
central planning, competition, and monopoly. Central planning involves “di-
rection of the whole economic system according to one unified plan,” [Hay45|
competition consists of “decentralized planning by many persons,” |[Hay45|
and monopoly aims at the “delegation of planning to organized industries”
[Hay45|. Importantly, for Hayek, all economic activity consists of planning.
But who ought to be doing the planning? The answer, says Hayek, depends
on the kind of knowledge necessary to carry out the planning in question.
Far too often, people assume that “scientific knowledge...is the sum of all
knowledge” [Hay45|. This erroneously suggests that the direction of all eco-
nomic activity ought to be left to a small group of technical experts versed in
operations research who make decisions via a central committee. To the con-
trary, scientific knowledge of ‘general rules’ cannot account for “knowledge
of the particular circumstances of time and place” [Hay45|. This latter form
of knowledge belongs to virtually every economic agent, and in particular,
the agents whose occupation demands rapid adaptation to local changes in
their environment. However, agents cannot rely exclusively on local signals
to make optimal decisions and require “further information...of the larger
economic system” [Hay45|. Crucially, since agents do not require knowledge
of why a particular resource is more or less difficult to acquire, and only to
what extent a particular resource is more or less difficult to acquire, it is
sufficient to summarize all the data which comprise the totality of macroe-
conomic trends into prices which the agent can use to gauge in what manner
they must alter their activities. In other words, Hayek paints a picture of
the market as, first and foremost, a mechanism to compress information into
prices.



But if one were to design a market tabula rasa to fit the aim of informa-
tion compression, exactly what form should such a price system take? The
answer: prediction markets. Inspired directly by Hayek’s argument in The
Use of Knowledge in Society, prediction markets attempt to solve the age
old problem of aggregating opinions by using the mathematics of informa-
tion theory to incentivize participants to reveal their beliefs to one another.
Namely, the opinions which prediction markets aggregate are opinions on the
odds of a specific event occurring (e.g. a candidate winning an election or
a startup delivering on its goals). We might reasonably wonder “why use
prediction markets as opposed to other aggregation methods?” As was the
case with the averaging approach we saw in the introduction, it turns out
that most naive aggregation methods (namely, ones which are non-dictatorial
and only depend on static probabilities assigned to the events in question)
will fail to maintain independence between events. This is because there is
a probabilistic analogue of Arrow’s impossibility theorem at work here! We
now review the original Arrow’s impossibility theorem and its proof before
proceeding.

1.3 Arrow’s Impossibility Theorem

We follow the proof of Arrow’s impossibility theorem laid out by Yu 2012 in
“A one-shot proof of Arrow’s impossibility theorem” [Yul2].

1.3.1 3 Reasonable Demands

Let’s start with some definitions. Given n voters {xy, zs...,x,} and m can-
didates {y1,y2..., Ym}, we define O to be the set of all m! order preferences
over our candidates.

A preference profile is an element 8 € O", where we let 6; be the order
preference of the ith voter. In particular, we write 6;(a) = 0;(b) if voter x;
prefers candidate y, to candidate ;.

Finally, a social aggregation function is any function f : O™ — O which
maps a given preference profile to a unique order preference (you can think
of this as our 'voting system’).



Now, we are ready to describe the 3 demands we want our social aggre-
gation function f to satisfy. I will define each demand formally and then use
plain English to make each one seem reasonable.

First, f satisfies unanimity iff VO € O™:
(Vi € [n], 0i(a) = 0;(b)) = [f(0)(a) = f(O)(b)

This means if each of our voters prefers y, to v, then the aggregate prefer-
ence must also favor y, to y.

Second, f satisfies binary independence ift VO, 7 € O™:

(Vi € [n], 0i(a) = 0:(b) <> 7ia) = 7;(b)) = (f(0)(a) = F(O)(b) < f(r)(a) = f(7)(b))

In other words, the aggregate preference between y, and ¥, is uniquely de-
termined by each voter’s preference between v, and yp.

Third, f satisfies non-dictatorship iff:
—(3i € [n] st. VO € O, f(0) =06,)

That is to say, there does not exist a voter whose order preference is always
the aggregate preference.

Hopefully, these demands seem like sensible things to ask from a voting sys-
tem. If they don’t, maybe try convincing yourself that a simple majority rule
procedure between two candidates does satisfy them. Unfortunately, when
there are more than 2 candidates, it turns out we'’re asking for too much.

1.3.2 Proof of the Theorem

Suppose toward a contradiction there exists a social aggregation function f
satisfying unanimity, binary independence, and non-dictatorship in an elec-
tion with more than 2 candidates.

Defining Pivots

Given two candidates y,, vy, we define the pivot from a to b as follows.



Consider a preference profile §° € O™ where Vi € [n]:
07 (a) = 6(b)
By unanimity, we must have:
F(0%)(a) = f(6°)(b)
Now pick 0% € O™ so that Vi € [n]\[k]:
0 (a) = 05 (0)

but Vi € [k]:
0 (a) < 07 (0)

In particular, the last preference profile 8 will have Vi € [n]:
0i(a) < 6;(b)
Thus by unanimity, we must have:
F0")(a) < £(67)(b)
Moreover, we are guarenteed the existence of an integer bla € [n] satisfying:
bla = min{k | f(0%)(a) < f(0*)(b)}

We call the voter ), our “pivot” from a to b. Note bla is unique despite our
particular choice of 8°,6"..., 0" since f satisfies binary independence.

Additionally, if § € O™ is a preference profile so that Vi € [1, b|a):

and Vi € (bla,n]:

then by construction:

F@)(b) = f(0)(a) <= Bha(b) > bhjala)



The Power of Pivots

Let’s introduce a third candidate y. and suppose we have a preference profile
7 € O" so that Vi € [1, b|al:

Ti(a) = 7;(b) = 7;(c)
and Vi € (bla,n]:

Ti(a) =< Ti(C> =< Tz(b)

Since b|a is the pivot from a to b, we know that:

f()(a) = f(7)(b)
Also by unanimity:
f(T) (@) = f(7)(c)
Thus:
f(r)(a) = f(7)(b) = f(7)(c)
Now, if voter xy), switches their order preference so:
Tb|a(b) — Tb|a(a) - Tb|a(0)

and the rest of the voters arbitrarily shuffle their preferences between vy, and
Y, then binary independence implies we still have:

f(T)(a) = f(7)(c)

Moreover, since b|a is the pivot from a to b:

f(T)(b) = f(7)(a)
Thus:
f(T) ) = f(r)(a) = f(T)(c)
Finally, if all the voters arbitrarily change their ranking of y,, then binary
independence implies we still have:

F(T)(b) = f(7)(e)

Thus, so long as voter xy), prefers candidate y; to y., this dictates f(7)(b) >
f(1)(c), regardless of everyone else’s preferences.

In other words the pivot from a to b gets to force all candidates (except
for y,) below y, in the aggregate preference if they so chose. Interesting,
n’est ce pas?



All Pivots are the Same
Consider a preference profile § € O™ such that Vi € [1, b|a]:

and Vi € (bla,n|:

As we saw at the end of the last section, since 6y4(b) > 6yjq(c) we must have:

f(0)(0) = f(0)(c)
Thus b|c < b|a.

Now consider a preference profile # € O™ such that Vi € [1, b|a):
and Vi € [bla,n]:

As we saw at the end of the last section, since Oyjq(b) > 6pjq(c) we must have:

F(0)(®) = f(0)(c)
Thus c|b > bla. Putting this together with the previous inequality:
ble < bla < c|b
By symmetry we have:
clb < cla < ble

Thus:
ble = ¢|b = alb = bla = cla = alc

Since all pivots are the same, there exists a voter who gets to force each
candidate below any other candidate in the aggregate preference. Thus this
voter is a dictator, contradicting our assumption that f is non-dictatorial!

1.4 Probabilistic Arrow’s Theorem

Now that we've seen Arrow’s theorem proper, we are ready to examine its
probabilistic analogue. Our proof will follow/combine the results in Mec-
conway 1981 [Mcc81] and Lehrer & Wagner 1983 [LW83].

8



1.4.1 3 Reasonable Demands

Instead of aggregating a group of individuals’ preference orders over of set
of candidates, we are now going to aggregate their probability distributions
over a measurable space (2, F).

We require that € contains more than 2 measurable outcomes (this is anal-
ogous to having more than 2 candidates). Also, we will denote the set of all
possible measures over (2, F) by M.

In particular, the probability distributions of our n individuals will be char-
acterized by a opinion pool {Py, P,,...P,} € M".

A consensus function will be a function C' : M"™ — M which maps a given
opinion pool to a unique probability distribution over (£2, F).

Once again, we have three seemingly reasonable demands:

First, C satisfies the independence preservation property (IPP) iff :

(% € [n], PANB) = P(A) - B(B))
> C(Pl,PQ, Pn)<A N B) = C(Pl,PQ, Pn)<A> . C(Pl, Pg, Pn>(B)

IPP parallels our previous notion of unanimity in that if each individual
thinks events A and B are independent, then the aggregate distribution also
treats A and B as independent.

Second, C' satisfies the strong setwise function property (SSFP) iff 3G :
[0,1]™ — [0, 1] such that for any given opinion pool {Py, Ps, ..., P,} € M™

VA€ F, C(Py, Py, ..P)(A) = G(P,(A), Po(A), ...P.(A))

SSFP is analogous to binary independence since it implies the aggregate prob-
ability of a given event is uniquely determined by the static probabilities each
individual assigns to that event.

Third, C' satisfies non-dictatorship iff:

_|(E|l S [n] s.t. V{Pl, PQ, ...7Pn} S Mn, VA € ]:, C(Pl, PQ, Pn>(A) = PZ(A»



1.4.2 Proof of the Theorem

As before, we will proceed by showing IPP + SSFP necessarily violate non-
dictatorship. However, we need to first establish a crucial and somewhat
surprising lemma.

SSFP <= Consensus is Linear

We claim C satisfies SSFP iff 3wy, ws, ... w, € [0,1] such that >  w; =1
and for any given opinion pool {Py, P, ...P,} € M™, VA € F:

C(P1, Py, ...P,)(A) = G(Pi(A), Py(A) sz (

Proof:
It trivially follows that linear consensus = SSFP so we will only show the
other direction.

Consider three disjoint non-empty subsets A, B,C' € F which partition 2
(we are guarenteed these exist by the assumption €2 has more than 2 mea-
surable outcomes).

Let (a1,b1), (az,b2),...(an, by) € RZy so that Vi € [n], a; +b < 1. We
construct an opinion pool {P], P;,...P/} € M™ so that:
[(4) = a;

1

'(B) =

1

(C) =1~ (a; +bi)

S
T

=

By SSFP:

G(ay + by, az + by, ...an, + b,) = G(P{(A) + P/(B), Py(A) + Py(B),...P.(A) + P.(B))
=G(P{(AUB),Py(AUB),..P.(AU B))
=C(P,P,..P))(AU B)
=C(P,Py,..P))(A)+C(P, P;,..P.)(B)
= G(P/(A), Py(A),..P.(A)) + G(P/(B), Py(B),...P,(B))
= G(ay,ag,...a,) + G(by, b, ...by)



In particular, this implies Vo = {z1, x9, ...z, } € [0, 1]™:
G(z1, 2, ..,) = G(21,0,..0) + G(0, 75, ..7,) = > G(0,..0,2;,0,..0)

More concisely, if we write G;(a) = G(0,...0,a,0,...0) then:
~——

i—1 0’s

i=1
Now if a,b € [0, 1] so that a + b € [0, 1], then from before:

Gy(a+b) = G(0,...0,a + b,0, ...0)
— (0,...0,a,0,...0) + G(0,...0,b,0, ...0)
= Gi(a) + Gi(b),

i.e. each G, satisfies the Cauchy functional equation on the unit interval.
Note Vn € NT:

n x

n n

X

L (2)

Now if m € N> so that ™ € Qx> N[0, 1] then:

6 (25) i ()= 2o

n

le.:

Finally Vr € [0,1] can pick a rational ¢, € [0, 1] arbitrarily close so that
d, =r —q, € [0, ] for any given N € N. Note

Gi(r) = Gi(1) - r

~]
) — =Gi(r—g¢-+q)—Gi(1)-r
Gi(r—q-) + Gi(g,) — Gi(1) - r
Gi(r — q?”) (QT —r)-Gi(1)
Gi(d,) — d, - Gi(1)

We know Im(G;) C [0,1] as its values must be probabilities. Thus G;(d,) < +
(otherwise G;(N - d,) = N - G;(d,) > 1) and G;(1) < 1. Hence:

Gilr) = Gul) - 1] = Gu(d,) — d - G(D)] < Gu(d)] + s - |G(1)| < =

11



Taking the limit as N — oo yields:
Gi(r)=G;(1) -r
Thus Vi € [n], G; is of the form:
Gi(x) =w; - x

where w; € [0, 1].

Putting things together, this implies for any given opinion pool { Py, P, ..

M YA € A:
C(Py, Py, ...P)(A) = G(Py(A), Py(A), ... Pu(A))

n

In particular, when A = €2 we have:

as desired. Phew! [

IPP 4+ SSFP — Dictatorship

P} €

As before, consider three disjoint non-empty subsets A, B,C' € F which
partition 2. By the above, SSFP implies Jwy, ws...w,, € [0, 1] summing to 1

so that for any given opinion pool { Py, P, ...P,} € M™:
C(Py, Py, ..P)(A) =) w;Pi(A)
i=1
C(Py, Py, ...P,)(B) = > w;P:(B)
=1

C(P, Py, ..P)(C) = Xn:wipi(c>

12



Since not all w; can be zero we know 3k € [n] so that wy > 0. We construct
an opinion pool {P], P;,...P,} so that:

(P/(A), P.(B),P,(C)) = (0%%)

and Vi € [n]\{k}:

Note:
C(P/, Pl . PY(A) = . _2‘“’“
C(PL Py P)(B) =
C(P!, P,,..P)(C) = %

Consider the events S = AU B and T'= B U C. By the above:

1—wk 1 W
P, Py, ..P —=1—-—
1
O(P}, Py, P)(T) = 5 + =

Since P(S) = P/(A) + P/(B) = % and P/(T) = P/(B) + P/(C) = 1:

PUSAT) = FB) = 5 = 5 1= PU(S) - PUT)

1
2
Additionally, since Vi € [n|]\{k}, P/(S) = P/(A)+ P/(B) =1 and P/(T) =
F{(B)+ P/(C) = 3:

2
/ / ]‘ ]‘ / /
P/(SNT) = P(B)= 5 =15 = P(S)- PAT)
Thus by IPP, we must have:
C(P, By, ...P)(B) = C(P, By, ... B,)(SNT) = C(P), Py, .. P)(S)-C(P], Py, ..,)(T)

Hence:



The only solutions to the above quadratic are w;, = 0 and w;, = 1. However,
wg > 0 by assumption, implying wy = 1 and all other w; = 0. This means
for any given opinion pool { Py, P,,...P,} € M" VYA € F:

C(P1, P, ... P)(A) = Zwi - Pi(A) = Pi(A)

In other words, we have found our dictator! Thus, given more than 2 mea-
surable outcomes, no consensus function can satisfy IPP, SSFP, and non-
dictatorship simultaneously.

Given the above impossibility result, how are we supposed to aggregate beliefs
surrounding the odds of an event? Note that we have assumed our agents’
beliefs are static so far. Hence, a clever way to side step our trilemma might
involve letting our agents interact with one another, causing their beliefs to
become dynamic. Even better, maybe everyone will agree with each other
after communicating, thus producing a single collective probability distribu-
tion. Indeed, a generalization of Aumann’s agreement theorem (which we
will now explore) strongly suggests that this will occur when n given agents
are interacting.

1.5 Aumann’s Agreement Theorem

1.5.1 Introduction

First articulated by Robert Aumann in a paper titled “Agreeing to Dis-
agree,” the agreement theorem asserts that “people with the same priors
cannot agree to disagree” |[Aum76|. To see what this exactly means, we’ll
have to jump into some definitions again.

Let (2, F) be a measurable space of states of the world.

Let p be a prior common to agent a and agent b.

Let Q* = {Qf, Q%, ...Q%} be the information partition of agent a.
Similarly, let Q° = {Q%, Q5, ...Q% } be the information partition of agent b.

If w € Q is the true state of the world then agent i is informed of Q*(w),
which is the element of Q? that contains w. For an event E € F, if we have

E C Q%(w), then we say agent i knows E. Additionally, if E includes that

14



member of the meet Q% A Q° (the finest common coarsening) which contains
w then we call £ common knowledge. More informally, an event E is com-
mon knowledge if a knows E, b knows F, a knows that b knows E, b knows
that a knows E etc.

Let A be an event and let ¢'(w) = P(}fg—i"m be agent i’s posterior. If it

is common knowledge at w that ¢'(w) = ¢; then let P(w) be that member of
the meet which contains w. Note we can write:

Pw) =U; QF
where the Q € Q¢ partition P(w). Hence:

(4] Plw)) = MU ANG) 2@ AT QD) 29
! wlos @) 25 1(es) ICHE

by symmetry it also follows that:
u(A | P(w)) = a

thus:
da = @

Hence two agents cannot agree (have common knowledge of posteriors) to
disagree (which are unequal).

1.5.2 Bringing Things to Life

We will now examine a generalization of Aumann’s theorem by Geanakoplos
and Polemarchakis 1982 |[GP82] which does not assume a and b have common
knowledge of each others’ posteriors. Instead a and b “can’t disagree forever”
if they interact dynamically as follows:

Step 1- Agent a announces their posterior:

g HAN @)
b (4 (w)

meaning a could be informed of partitions:

ar = {k | pANGE _ q'}

Q)
15



Agent b will then adjust their posterior and announce it as:

qb _ p(AN (Qb(w) N (Ukea, @7)))
' 1(Q(w) N (Urea @)

meaning b could be informed of partitions:

HAN (@10 (e Q) _
WQ N Uren@p)

by ={l|

Step t- Agent a will then adjust their posterior and announce it as:

= AN (Q*(w) N (Uien. @)
! M(Qa<w) N (Ulebt—lQ?))

meaning a could be informed of partitions:

(AN QN (Ugen,_, Q7))

a; =1k € a;_ =q;
e I Qi e
Agent b will then adjust their posterior and announce it as:
¢ = (AN (Q°(w) N (Urea, Q1))
' p(@(w) N (Urea, @5))
meaning b could be informed of partitions:
AN(QY N (Upea, Q%
bt — {l c bt_l | /"L( (Ql ( ke Qk))) — qi)}

Q7 N (Urea, Q1))

Importantly note that ¢ is a function of b;_;, a; is a function of a;_y, by
and ¢f, and qf is a function of a;. Thus if a; = a;—1 and b, = b,_; then
qt = qfy a1 = a; and qu = ¢b. Since b; is a function of b;_;, a;, and ¢?,
it also follows that b1 = b;. In other words, if a; = a;_1 and b; = b;_; then

our agents have reached a communication equilibrium.

Moreover, since Vi € N, (a; 2 a;41) A (b; 2 biy1) and max|ay| = K and

max |b1| = L, we know 3j € [K + L] s.t.:
(a; = aj41) A (b = bjta)

16



Thus we are guaranteed convergence.

To illustrate the point consider the following example where (2, F,pu) =
([8],2[8],§ -#), w =1 and:

Q" =1{{1,2,3,4,6},{5,7,8}}

Q" ={{1,3,5,7},{2,4,6,8}}
Additionally, suppose the event being communicated about is A = {3,4}.

Initially, a will report a posterior of % Then, b will realize @ must be in-
formed of the partition {1,2,3,4,5,6} and the only possible true states of
the world are {1,3}. Thus b will report a posterior of 1. Next, a will realize b
must have been informed of the partition {1, 3,5, 7} since otherwise b would
have reported a posterior of % Subsequently, a will also report a posterior of
1 and a communication equilibrium will be reached since each agent knows

2
the partition of the other.

Just for fun, what would have occurred if b started? Well the initial pos-
terior reported would be %. Since to a, this probability is consistent with
both of b’s partitions, a will still think {1,2,3,4,6} are the possible true
states of the world. Thus a will report a posterior of % and the process pro-
ceeds as outlined above.

Odd that our agents posteriors converged to the same thing no? Suppose at
some step we have a;y1 = a; and by = b, (as we are guaranteed). Since
Vk € A1 = Q¢!

(AN (Qin (Uleth?D = iy - (@5 N (Uleth?))
and VI € by = by
p(AN (Q? N (UkGGth>) = ‘Ji)+1 ) M(Q? N (UkEat QZ))

we have:
Z (AN (Qf N (Uien, Q1)) = gy - Z 1(Q% N (Ui, Q7))
k€at ke€at

and:

> (AN (Q) N (Ukea, Q1)) = alr - D Q) N (Ukea, Q1))

leby leby
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Hence:

,u(A N (Ukeath N (Uleth?)) . M(A N (UkEat UlEbt Q% N Q?)) a

= p = q
11(Ukea, Q% N (Ui, Q7)) 11(Urea, Uren, Q¢ N Q7) i

and:

M(A N (Uleth? N (UkEatQZ)) - ,U(A N (Ul€bt UkEat Q? N Qz))

b
a - a = q )
(Ui, Q% N (Upea, Q2)) w(Uien, Urea, Q2 N Q) w

: a _ b
Le. Qi1 = Gy

1.5.3 Common Knowledge Will Equilibriate

To see why Aumann’s result is a special case of Geanakoplos’ and Polemar-
chakis’ result suppose the posteriors of agents a and b are common knowledge
in world w.

Since agent b knows a’s initial posteriors, when a announces their poste-
riors, b already knows this posterior from their current partition. Thus b will
just report their initial posteriors.

Since a knows b knows a’s posteriors, every element of a’s partition already
indicated the announcement would not eliminate anything from b’s initial
partition.

Additionally, since a knows b’s initial posteriors, a’s current partition al-
ready contains all relevant information. Thus a will just report their initial
posteriors.

Since b knows a knows b knows a’s posteriors and b knows a knows b’s pos-
teriors, every element of b’s partition already indicated the announcement
would not eliminate anything from a’s initial partition.

Additionally, since b knows a’s initial posteriors, b’s current partition al-
ready contains all relevant information. Thus b will just report their initial
posteriors.

Through symmetry, we can continue this process identically ad infinitum.
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Thus, if the agents’ posteriors are common knowledge at w, then agents a
and b can’t disagree forever and must in fact agree!

1.5.4 The Dynamic n-Agent Generalization

As before, let (2, F) be a probability space of states of the world and p be
a prior common to multiple agents 1,2, ...n.

Furthermore, let agent k € [n]’s information structure be a partitioning of
(Q, F):

Q' ={Q1,-Q}
Given w € (2 is the true state of the world, agent k € [n] is informed of Q*(w)
which is the element of Q* that contains w.

We claim if agents 1,2,...n’s information structures are common knowledge
and they take turns in a cycle announcing their posteriors about an event
A € F, then everyone will eventually settle upon a single consensus posterior.

The proof is detailed below.

Step 0- Each agent k € [n] sets their posterior to:

o = (AN Q*w))

" u(QFw))
Before any announcements are made, according to an agent m who receives
no information except for the others’ reports, the possible partitions agent

k could be informed of are kg = [bx] and the possible states of the world are
Ty = Q.

Step t > 0- Agent 7 = ¢t mod n reveals their posterior to everyone as ¢! = ¢;_;.
Agent 7 concludes the only possible partitions ¢ could be informed of are:

WAN Q@ NT)
WO W

and, setting j; = j;—1 for each j € [n]\{i}, concludes the only possible states
of the world are:

it = {m € it—l |

T = U QL N2 N..qQr

(w120 ) Ell ke n) ki
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Finally, each j € [n]\{i} adjusts their posteriors to be:

4 MAN (@) N m))
' Q7 (w) Nmy)

Note on any step t > 0, for a given agent k € [n]:

There exists a function f; so that k;, = fr(ki—1, m—1, rf), where rf is a boolean

which indicates if £ is revealing their posterior at step t.

There also exists a function g so that ¢F = gi(m;). This is straightforward
to see if rF = 0. If r¥ = 1 then Q*(w) N w1 = QF(w) N7, so:

le = Qf—1 = gr(m—1) = gr(m)
Suppose at a given step 1" > 1, we have kp = kpry1 = ...kpy, for each agent
k € [n].
Then mp = Tr4+1 = ..MT4n — gk(ﬂ'T) = gk(WTH) = ...gk(ﬂ'T+n> — qéﬁ =
oy = @y, as well.

Furthermore, suppose it is now some agent i € [n]’s turn to announce at
T+n+1.

Trivially for each j € [n]\{i}, jrin = jrins1. We also have iry,, = iry =
fi(iT7 T, 1) = fi<iT+TL7 TT4n; 1) - iT+n+1‘

Moreover, such a step T will surely occur. This is because for each agent
k € [n], kt O ki and max |ky| = b,. Hence, 3T € [n-Y",_, bg s.t.:

vk € [TL], k‘T = kT+1 = '--kT—&—n

, l.e. our agents are guaranteed to reach a communication equilibrium.

Finally we will demonstrate our agents all agree at this communication equi-
librium. WLOG assume agent n announces at 7'. For a given agent k € [n],
Vr € kTJrk:
(AN (QENmrn—1)) 4
(@5 N Try—1)

=474k
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By the previous section we know that Vt > T, k; = kp, m; = 7y, and ¢F = ¢%.
Hence Vx € kyp:

k
A Omr)) k4 (QF Mep)) = gb - ju(QF Ar)

(@ N )
and:
S AN (QEnmr) =g Y u@inar)
z€kp z€kT
Thus:
r_ MANTT)
o p(mr)

, 1.e. each agent k € [n]’s final posteriors are the same and, moreover,
identical to that of agent 7’s!
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Chapter 2

Prediction Markets

2.1

Now that we are heuristically justified in adopting a dynamic approach to
aggregation, we are finally ready to see the mechanism which drives this
dynamic: prediction markets! All we need is a way to incentivize traders
to report their true beliefs and we are good to go since the traders will
accordingly change their minds upon listening to one another and submit
new reports. Going forward we will use many key results and terms from
information theory, so the unfamiliar reader may want to read the primer in
the appendix before proceeding.

2.1.1 Scoring Rules

Our description of prediction markets follows that laid out by Hanson 2003
[Han03].

The common approach used in eliciting the beliefs of a single individual
employs something called a scoring rule. Let our subject’s probability dis-
tribution over a disjoint partition of states {1,2,...N} be represented by the
vector p. If their report is represented by 7° then a scoring rule s awards the
subject s;(7) dollars in case of event i. A proper scoring rule satisfies:

N
p = argmax E[s(7)] = argmapri - 8;4(7)

=1

22



and:
Els(p)] = Zpi +5i(p) =2 0

for any p. These constraints together imply that a subject has incentive
to report their true probability distribution when paid out according to the
scoring rule s.

The most natural proper scoring rule is the logarithmic scoring rule of the
form:
a; +b-In(r;);a;,b >0

To see why this scoring rule is proper, note that a; and b can be set so that
the agent’s expected reward for telling the truth (an affine transformation of
the reported distribution’s entropy) is always non-negative and:

N N
argmaXZpi - ;(7) = argmax Zpi “(a; +bIn(ry))

i=1 i=1

N N
= argmaXZpi ca; + Zpi -bIn(r;)
i=1 i=1

N
= argmax b Zpi -In(r;)

i=1

N
= argmin — pr,- -In(r;)
i=1

N N
= argmin pri ~In(p;) — pri - In(r;)
i=1

i=1

N
= argmin pri -In (%)

i=1
=argmin b- KL(p || 7)
=p

2.1.2 Market Scoring Rules

How do we go about eliciting the beliefs of multiple traders? Hypothetically,
we could simply use a separate scoring rule for each individual. However, this
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is expensive. Alternatively, in a market scoring rule, the market makes some
initial default report and whenever a future trader submits a new report,
they always agree to pay the award of the report last submitted. Thus, given
that the nth report was r” the person who submits the n+ 1st report expects
to make:
si(r"Th) = si(1")

in case of event 7. This person also has incentive to report their true beliefs
since E[s(r™)] is given and guaranteed to be less than or equal to the maxi-
mum value of E[s(r"*1)].

The Oth trader is the market, so if there are N reports submitted, the market

only need pay out:

N

Zsi(ri) — s5;(r'Y) = s;(rY) — s:(1°)

=1

in case of event 1.

If we use a logarithmic market scoring rule (LMSR) each person expects

to make:
pntt
b-In < ’n )
T

in case of event ¢ and:

k rﬂ+1
Zb . 7’?“ In (—Zn ) =bh- KL(T"+1 || ™)
r!
i=1 i

overall. That is to say, each trader in a prediction market using a LMSR ex-
pects to profit proportional to how many bits of information they improved
the old report by.

Moreover, if the market starts with an initial report that is uniform over
all k£ outcomes, then in the worst case scenario it will need to pay out:

f

max[s; (1) —s:(r°)] = max b- (m(r{) ~In (%)) — maxbln (1;N> — bIn(N)

rf rf rf

which can be thought of as the subsidy necessary to run the market.
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2.1.3 Reneging

The logarithmic market scoring rule provides a tool which creates incentives
for agents to tell the truth during each step of the process in Aumann’s agree-
ment theorem. However, this incentive is only myopic. Intuitively, agents
could lie to trick others into making worse reports and profit at their ex-
pense. Agents could also wait for others to report first so they have better
info. These are known as the bluffing and reticence problems.

For a concrete example, consider two agents interacting via a LMSR using
the example where w = 1,:

Q*=1{{1,2,3,4,6},{5,7,8}}
Q" ={{1,3,5,7},{2,4,6,8}}
and A = {3,4}. Suppose the market’s default estimate is p(A) = 5 and
p(—A) =3
1

If agent a were to start then ¢f = %, ¢ = 3, and ¢y = % In this case,
after adjusting their initial prior, agent a would expect to make an amount

proportional to:
1 2/5 3/5
—|In{— In|{ — ~ —0.0204
2 (n(52) (7))

on their first report (i.e. lose money)!

If agent b were to start then ¢¢ = %, qf = %, and ¢¢ = % Hence, agent

b will eventually expect to lose money on their first report as well since:

% . (m G_?;L) +ln G’—g)) ~ —0.1438

This is no good! Both agents might indefinitely wait for the other to report
first so they can improve their prediction.

Alternatively, consider the scenario where w = 1.:

Q"= {{1,2,3,4,6},{5,7,8,9}}
Q"= {{1,2,5,7},{3,4,6,8,9}}
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and A = {3,6,9} with the market’s default estimate set to pu(A) = 5 as

before.

1
2

If agent b chooses to start and plays truthfully then they will announce a
posterior of 0, causing agent a to also revise their posterior to 0. Thus in
this case, agent a would expect to make nothing, while agent b would expect
to make an amount proportional to:

i (45 ) =)

However, agent b could make more by lying at agent a’s expense! For in-
stance, if agent b reports a posterior of % and agent a assumes agent b is play-
ing truthfully, then a will think b is informed of the partition {3,4,6,8,9}
and report a posterior of % Next, agent b could reveal their lie and report
a posterior of 0 causing agent a to also revise their posterior to 0. Overall
then, agent b would expect to net an amount proportional to:

1.1n<i;_2)+1.1n(1/i3) =1n(%>

While agent a would expect to net:

(1) 1(2)

We can potentially remedy the myopic nature of the LMSR’s incentives if
we allow agents who change their beliefs to safely renege (or withdraw) prior
reports. If someone agrees to pay the award of a prediction that later gets
reneged, we simply make them pay the award of the preceding prediction
instead! Of course, this means when an agent submits a report they no longer
agree to pay the reward of only the prediction before them. Rather, they
agree to pay the reward of some prediction submitted before them. This
maintains the incentive to submit reports since an agent expects to make
money so long as the prediction they pay is different from theirs and lose
nothing if it is identical. Thus, we can quell agents’ fears about retroactively
expecting to lose money and also protect them from being lied to. However,
this comes at the cost of agents not knowing the exact structure of their
payoff until the market settles.
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2.2

To experimentally test whether adding a reneging option actually helps par-
ticipants reach communication equilibria more often, I have written a Python
script to generate scenarios where at least one agent retroactively expects to
lose money on a report at some point in the agreement process. The script
can be found here— Aumann Scenario Generator. In future work, these sce-
narios will be used to conduct 75 rounds of 2 different two-player games on
Amazon Mechanical Turk (150 total). A single round in both games will
consist of players attempting to make as much money as possible across 10
separate scenarios. For a given scenario the game will:

1. Display both information partitions
2. Based on past reports
e Tell players
— What their posterior is/which worlds are still plausible
— What the expected payoff of their past reports are
— What they expect to make on a new report
e If game 1 (control): Give players options to report posterior or to
leave
e If game 2 (experimental): Give players options to report posterior,
renege past reports, or to leave
3. The scenario ends and players are paid out (before being given one last
chance to renege in game 2) if
e One of the two players chooses to leave at any point
e Agreement is reached

2.3

If we are designing a prediction market with the intent of agents incorporat-
ing each others beliefs into their reports (as they do in Aumann’s model of
interaction), then we might wonder how to incentivize such behavior. Alter-
natively, if we have a group of experts who can be negatively influenced by
outside information, we might wonder how to prevent the acquisition of extra
information. If a scoring rule disincentivizes the acquisition of outside infor-
mation we call it robust [Tsa20]. Alternatively, if a scoring rule incentivizes
information acquisition we call it frail. Luckily, there is a straight forward
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https://github.com/sambex-fadsen/Info-Econ-Thesis/blob/main/Code/scenario.py

way to control whether a LMSR is robust or frail, but before visiting this we
will need to briefly discuss rational inattention.

Rational inattention models attempt to formalize what economist Herbert
A. Simon called 'bounded rationality.” Simon argued that our decision mak-
ing capabilities are limited by a finite capacity to process information and
that “a wealth of information creates a poverty of attention, and a need to
allocate that attention efficiently” [Sim71]. By simply assigning a cost to
information processing, rational inattention models are able to explain the
emergent properties of bounded rationality across a wide range of empirical
phenomena. In the words of the rational inattention’s pioneer, Christopher
Sims, the theory’s approach is “to construct optimizing-agent models that
are consistent with people not using freely available information” so as to
“explain why some freely available information is not used, or imperfectly
used” [Sim10].

2.3.1 Mutual Information Costs

Consider an event S which takes on some value s € {s1, ss,...s5}. Suppose
an agent’s beliefs about S assigns probability Pr(S = s,) to each outcome.
Additionally suppose the agent can run an experiment X which takes on
some value x € {z1,zs,...2z)} to gain information about S and revise their
probabilities to Pr(S = s; | X = x). By running the experiment X, the agent
expects to gain:

H(S)—H(S |X) = ZPr ‘In (Pr(S;—)

= Sn)

;Pr(523n|X:$)'ln (Pr(SZSj‘X:x))]

=1I1(5;X)

bits of information about S. In other words, the amount of information X
reveals about S is simply the mutual information between S and X. Rational
inattention models assign the cost of an agent running such an experiment
to be:

c-I(S; X),
i.e. the cost of running of an experiment is $¢ per bit of information that the
agent pays attention to.
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2.3.2 Mutual Information Benefits

Continuing the above, suppose our agent is being paid out according to an
LMSR for reporting their beliefs and the most recent report made assigns
Pr'(S = s,,) to each outcome. Then if our agent reports their beliefs without
running the experiment X, they will expect to make:

b- KL(Prg,Pry) =b- H(Prg,Pry) —b- H(S)
where H(p, q) is the cross entropy of ¢ relative to p.

However, if our agent runs the experiment and discovers X = x and reports
their new probabilities, they will expect to make:

b- KL(Prg | x—, Pry) = Zb'Pr(S — s, | X =2)In (Pr(,Sl’D?(Sn | X = a:))

S = s,)

Thus, by running the experiment, on average they will expect to make:

E b KL(Prs 5 )] = 30370 Pr(S = 0, = )l (P“SP??; =)

:;;b-Pr(S:sn, = Tp) < )
_;;b.pr(szsm = T, ln(Pr _sn|X:xm))
=> ) b-Pr(S =5, X =z, ln<

_Zb Pr(S 1n< _Sn> H(S | X)

—b- H(Prs,Pry) — b- H(S|X

Pr/

Hence on average, running the experiment will increase the amount the agent
expects to make by:

E[b- KL(Prg | x,Pry)]|—b-KL(Prs,Prs) = b-H(S)—b-H(S | X) = b-1(S; X),

i.e. they will benefit $b per bit of information gained from the experiment.
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2.3.3 Cost Benefit Analysis

When an agent assesses whether or not to run an experiment, they will
weigh whether the expected benefits of running the experiment outweigh the
expected costs. In other words, they will evaluate whether:

b-I(S;X)—c-I(S;X)=(b—0¢)-I(S;X)>0

Since 1(S; X) > 0 (as mutual information is always non-negative), this boils
down to evaluating whether b > ¢. Thus an individual agent will choose to
acquire outside information iff the market’s award of $b per bit of information
is greater than their personal cost of $¢ per bit of information.

Thus if we are running a prediction market with /N participants whose infor-
mation costs are cy, ¢s, ...cN, a robust LMSR will set:

b < min ¢;
i€[N]

so that all agents are disinectivized from acquiring additional information.

Similarly, a frail LMSR will set:

b > maxg;
1€[N]

so that all agents are incentivized to acquire additional information.

Naturally, we might wonder how to find the information costs associated
with each agent. As suggested in Foley 2012 |Fol12|, we can deduce the ¢;
by running lotteries to find the slope of the agents’ logistic quantal response
curves. If we assume rationally inattentive behavior, these slopes will di-
rectly correspond to the each agent’s respective information cost. Another
possible solution is to increase b very slowly from 0 and see at what points
the market’s prices move/re-equilibrate. Firstly, this would prove that the
parameter b controls how much information is incorporated into our market.
Secondly, this would also yield an upper bound for each agent’s information
cost equal to the point at which each agent revises their report.
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Chapter 3

Thermodynamics

Intuitively, it isn’t too surprising that there is a deep connection between
prediction markets and thermodynamics given the logarithmic market scor-
ing rule’s relationship to information theory. To see the full extent of the
relationship we will need discuss an alternative way of running prediction
markets using automated market makers. After introducing AMMs, we mo-
tivate the thermodynamic connection by establishing an equivalence between
Szilard engines and logarithmic scoring rules over binary events. Finally, we
fully generalize the result to arbitrary logarithmic scoring rules as well as the
LMSR using concepts from non-equilibrium thermodynamics.

3.1 Automated Market Makers

Given a disjoint partition of outcomes {1,2, ..., N} for some random variable
R, an automated market maker (AMM) buys and sells securities correspond-
ing to each outcome ¢ of the form “pays $1 if 7 occurs.” Let ¢ be the vector
whose ith entry represents the number of shares of security ¢ held by the
traders. Since the point of an AMM is to easily interpret prices as probabili-
ties, we want security i’s price to increase if ¢; increases (the traders purchase
some amount of security 7) and decrease if ¢; decreases (the traders sell some
amount of security 7). However, this means that the price of a security must
change for each infinitesimal amount of its shares that are bought or sold.
Thus, prediction markets must use a ‘cost function” C' to dictate how much
traders will have to pay for a specific transaction given the market’s current
state. For instance, if the market’s participants currently hold ¢; of each
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security collectively and a trader wishes to now transact s; shares of each
security, then this action would cost them:

C(q+5) - C(q)

Note if we parameterize the path from ¢ to ¢+ § by some function a(t), then
the price of security ¢ at each point along the transaction is given by:

plalt) = 5

There are many different cost functions which can be used to run a prediction
market, however the cost function:

N
CqQ)=T- aneqi/T
i=1

is particularly nice since its prices are of the form:

pl(cj) = N

Zz:l @Qi/T ’

i.e. the Boltzmann distribution! Increasing T' causes identical transactions
to result in smaller prices changes. Hence, we can think of T" as a liquid-
ity parameter. The Boltzmann AMM is equivalent to Hanson’s logarithmic
market scoring rule (LMSR) since if the market’s current probabilities are
given by the above vector of prices and a trader wishes to change them to:

. @q;/T
pi(q") = W’

2im1

then in case of event ¢ they will net:

(67 —q) = (C(@)-C(@) =T (%—ln;e‘ﬁm> -T- (% —ln;eqi/T)

q;/T @ /T
> i1 €% Dic edi/
—T.1n <pi(q )>
pi(q)
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That is to say, a trader whose beliefs are be AN expects to profit:

m (b ) sl Gal)

The term on the left and right are the cross entropy (relative to b) of p(q)
and p(q*) respectively. Hanson’s LMSR is myopically incentive compatible,
meaning if it is a trader’s last chance to carry out a transaction, then they
will change market prices to reflect their true bgliefs. The argument is that

such traders take the cross entropy (relative to b) of p(q) as given and want
to minimize the cross entropy of p(¢*), which is accomplished by setting

p(q") = b. Namely, their expected optimal myopic profit is:
T-KL( || p(@) >0

Furthermgre thg market maker’s loss is bounded since if the estimates take
the path p° — p! — ...p" then:

[ [P Py 1
Ty (L )| =T m(=2)<T In{——
—0 Pr Pr MiN;e[N] P;

Though the AMM can set its initial prices arbitrarily, we will assume a
uniform distribution to pin down the market’s worst case loss as T" - In(N)
for convenience. We can think of this quantity as the subsidy necessary to
run the AMM.

3.2 Szilard Engines and Scoring Rules

Suppose we have a two-piston box containing a single particle of gas in con-
tact with a thermal reservoir of temperature T as below:

Further suppose a demon 1) closes a shutter to trap the particle in one half
of the box, 2) compresses the piston on the empty side of the box against the
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shutter, 3) removes the shutter, and then 4) isothermally expands the piston
to extract work as below:

Leo Szilard’s [Szi29| analysis of the above scenario shows that the energy
expended by the demon in steps 1, 2, and 3 can be taken to be effectively
0 while the energy extracted in step 4 is 7" - In(2), i.e. there is an apparent
violation of energy conservation! To resolve this paradox, Szilard proposed
an ingenious solution: knowing which side of the box the particle is in takes
energy. Namely, the requisite energy is proportional to the minimum num-
ber of bits of information necessary to ascertain where the particle is. In our
case, since the particle is equally likely to be on the left and right side of the
box, this is 1 In(2) 4 3 In(2) = In(2) bits.

One natural question to ask then is how much energy a demon with par-
tial information about the particle’s location could optimally extract from
the above system. Towards that end, suppose the demon thinks the particle
is in the left side of the box with probability b and in right side of the box
with probability 1 — b after closing the shutter. If the initial left and right
hand volumes are V;, and Vg, then the demon must choose V] and V}, to
maximize:

VL+VR VL, VL+VR V]/?
AT —_ T1 — 1-b)-( T'1 —_ T1 —t
b( D(V£+Vé)+ “(v))“ b>< “(wm&)* “(vR
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Rearranging, this is equivalent to maximizing:

v vy v, Vi
b1 L 1B T1 T -2 Vi) Tm (VR
n(v' v')+< ) n(v' V’>+p (VL+VR)+( P) n(VLJrVR)

Since V;, and Vj are given, this is equivalent to minimizing:
V/ V/ V/ V/
b-Tln (L,R) +(1-0)-Tln (L/R)
Vi Vi

Hence, the optimum is attained iff:

Vi b

Vi 1-—b
That is to say, the demon should change the ratio of the volumes to the left

and right of the shutter to reflect the odds that the particle is on the left vs.
the right side. Moreover, the demon’s expected payoff will be:

Vi, Vg
T -KL
<( —b |l (VL+VR’VL+VR))

i.e., the Szilard engine is effectively a logarithmic scoring rule which can be
used to elicit the demon’s beliefs!

3.3 A Thermodynamic Scoring Rule

Imagine a principal controls a thermal reservoir which is at temperature 7.
To create a system with N states, each with energy level T"-In(/N), the prin-
cipal must expend Uy = T - In(N) joules (analogous to the aforementioned
subsidy). The entropy of this system is S4 = In(N) so its free energy is
Fo=Us—T-54=0.

Additionally suppose there is a random variable R whose true distribution
is 7 € A" and an agent who believes its distribution is b € AV,

Consider the following process: (A) the principal provides heat energy to
knock the system into disequilibrium so its distribution over states is identi-
cal to that of R, (B) next the agent performs work on the system by instan-
taneously changing its energy landscape, (C) the system settles into its new
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equilibrium, (D) finally ending the process. Below is a depiction of how the
process unfolds with the energy landscape in blue and the system’s distribu-
tion over states in red:

After the process is over, the system is annihilated with the free energy Fp
going to the agent as useful work and the excess heat T - Sp dumped in the
reservoir going to the principal.

The agent’s profit is:
Fp—=Wasp=AFa,p—Wasp
The principal’s profit is:
T-Sp—[Qasp+Ual = [T-Sp—Usl=Qasp = T-ASssp—Qasp = Wap—AFa_p
Hence, a profit maximizing agent will also minimize the principal’s profit.
Since Qp_c =0 and T - ASp_,c = 0, we have:
AFy,p =T KL(F || p%)

AFB*)C = WB%C
AFgp=—T - KL(7|| pP),

where p74 and 107j denote the initial and final equilibrium distribution of the
system.

Thus:

AFyp—Wap =[AFsp+ AFp_c+ AFo_p| — [0+ Wpc + 0]
=T -[KL( || pA) — KL(7 || pP)]
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If the agent must commit to their target energy landscape ex-ante of the
process, maximizing their expected profit is equivalent to solving:

max E[KL(7 || pt) — B[KL(F || pP)] = max KL(b || p*) — KL(b || pP)

1
P

Since the expected profit is identical to that of a one-shot logarithmic scoring

= max T- (Eg —Eg

pDeAN

()

rule, this is accomplished by setting pﬁ = l;, yielding an expected optimal
profit of:
T-KL(b | p*) 20,

i.e. the principal can elicit the true beliefs of the agent by subsidizing the
process and examining the equilibrium pP.

3.4 A Thermodynamic Market Maker

What if the principal wants to elicit the beliefs of £ different agents 1,2...k
with beliefs & € AV? Hypothetically, the principal could create k identical
initial systems and run a separate process for each agent, requiring a sub-
sidy of KT - In(N). However, there is a far more cost effective approach! As
before, the principal only creates a single system with N states, each with
energy level T - In(N) so that Us, = T - In(N), S, = In(N), and Fa, = 0.
Now, instead of annihilating the system after an agent’s belief is elicited, the
principal uses the new equilibrium as the initial condition before knocking it
into disequilibrium again for the next agent. A bit more formally, the princi-
pal chains together k& sub-processes (one for each agent) as follows: (A;) the
principal provides heat energy to knock the system into disequilibrium so its
distribution over states is identical to that of R, (B;) next agent j performs
work on the system by instantaneously changing its energy landscape, (C;)
the system settles into its new equilibrium, (D,) if j # k go to (A1) else
end the process. After the kth agent has performed work on the system,
the principal annihilates the system with each agent receiving the change
in equilibrium free energy they were responsible for as useful work and the
excess heat dumped in the reservoir going to the principal.
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Agent j’s profit is:
AFu yp, —Wa,p, = T - [KL(7 || p) — KL(7 || pP7)]

The principal’s loss is:

k
j=1
k — —
= T YKL p%) - KL | o)
j=1

— —T-[KL(7 || pP*) — KL(7 || pA1)]

Dy,
pRl

Once again, if agent j must commit to their target energy landscape ex-ante

=T E:

of the process, maximizing their expected profit entails setting p”i = b7,
yielding:
T-KL® || pY) 20,

i.e. the principal can elicit the true beliefs of each agent j by subsidizing the
process and examining the equilibrium pf :

Also note the principal’s worst case loss is:

1
T In <—Z> =T In(N)
minie[N} Pt

Thus, the “thermodynamic market maker” we’ve constructed is payoff equiv-
alent to Hanson’s LMSR in expectation. An important difference is that the
actual payoffs in Hanson’s mechanism depend on a particular realization of
the random variable R while our thermodynamic mechanism relies on the
entire distribution of R. One way to square this discrepancy is to consider
a principal who, instead of knocking the system into disequilibrium so that
its distribution over states is identical to R, draws a particular realization of
R (say i) prior to the beginning of the process and sets the non-equilibrium
distribution over states to place all its mass on ¢. In this modified process,
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agents’ payoffs are on average the same as before
ization, agent j’s actual payoff is:

D;
T 1n pz_,

A

D;

and the principal’s actual loss is:

>
T -In % ,
Pt

coinciding exactly with Hanson’s LMSR.
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Chapter 4

Conclusion

Prediction markets are a mechanism for aggregating a group of agents’ beliefs
about an event. By dropping the assumption of a static consensus function,
prediction markets bypass a probabilistic analogue of Arrow’s impossibility
trilemma. However, in order for traders to settle on a final set of prices they
all agree on, three conditions need to be met:

(1) Traders must have common priors as per Aumann’s agreement theorem
(2) Traders must pay attention to each other’s reports
(3) Traders must act myopically since truth-telling isn’t necessarily optimal

if one considers profits from future trades

We can potentially remove the third condition and overcome the bluffing
and reticence problems by adding an option to renege on reports. Allowing
this behavior removes the incentive to wait for better information before re-
porting and helps traders protect themselves in case they feel they’'ve been
deceived. The best way to empirically gauge whether allowing reneging will
actually improve market performance will be through experiments on Ama-
zon Mechanical Turk which I plan on carrying out over these next few years.

Applying rational inattention models to prediction markets sheds light on
when the second condition will be met and how we can control whether
agents incorporate outside information into their forecasts. Namely, these
models predict an LMSR will be frail iff the market’s award per bit of in-
formation is higher than the maximum of the agents’ personal costs per bit
of information. We propose a few methods for computing these information
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costs as well as experimentally proving that increasing the market’s award
increases the amount of information aggregated.

Finally, prediction markets have deep connections to information theory and
non-equilibrium statistical mechanics, namely in their AMM implementa-
tion. We first construct a process analogous to a one-shot scoring rule and
subsequently chain these processes together (much like one chains together
scoring rules) to formulate a “thermodynamic market maker” where the prin-
cipal agrees to periodically knock the system it creates into disequilibrium
in exchange for agents’ privately committing to perform instantaneous work
ex-ante of the process. These analogies lay the preliminary groundwork for
future research at the intersection of thermodynamics and prediction mar-
kets.

To collaborate or convey any questions, comments, or concerns please contact
me at my Pomona email: snab2018@mymail.pomona.edu.
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Appendix A

Information Theory Primer

Many of the expositional choices in this appendix are indebted to [DeD18].

A.1 A Game
Suppose your friend, Alex, is thinking of a random integer:
R ~ Unif({0, 1...1023})

Furthermore, suppose you can ask Alex yes or no questions to deduce his
number. What strategy should you employ to find R using the fewest num-
ber of expected questions?

One way of approaching the problem is to figure out the binary represen-
tation of Alex’s number as follows:

“Is the first bit 1?”
“Is the second bit 177

“Is the tenth bit 177

Each question is guaranteed to eliminate half of the possible values for R,
and after asking all 10 questions we are guaranteed to know Alex’s number.
Thus, we might say knowing R requires “10 bits of information.”

If Alex was instead thinking of a more random R’ ~ Unif({0,1...2047}),
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then knowing R’ would require 11 bits of information. In general, the more
randomness or ‘entropy’ a random variable has, the more bits of information
one requires to know its outcome.

Turns out we can actually define entropy this way: the fewest number of
expected yes or no questions necessary to deduce the outcome of a discrete
random variable. More specifically, if X is a discrete random variable whose
possible values are indexed by ¢ € I and occur with probability p;, then the
number n; of yes or no questions necessary to deduce event i will satisfy:

(8) =nvm=en (i)
5 =DPi — Ny =108y | —
2 >\ pi

since each question in the optimal strategy approximately reduces the mea-
sure of our possible outcomes by % Thus the entropy of X is:

H(X) = iezlpi log, <%>

For instance:

1
HR)= Y g1 1082 (1024) = log,(1024) = 10

i€{0,1...1023}

as we saw in our game with Alex.

A.2 A Deeper Look at H

We can think of our function H as mapping vectors 5 € Al (the standard
|I|-simplex) to Rsg. H is pretty special in that it satisfies the following
properties:

1. Continuity
2. Symmetry
3. Maximized when p’is uniform

4. Coarse-Graining

Continuity means the pre-image of every open set under H is open. Sym-
metry means if the entries of p; and ps> are permutations of each other then
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H(p1) = H(p>). Uniformity maximizes information since H attains its maxi-
mum when p'is uniform. Finally, coarse-graining means if we collapse m and
n into a ‘super’-event m V n = k and call our new coarse-grained probability
vector ¢ then:

Pm Pn

HG) - 1@ = -1 |22,

Dk Pk
To understand coarse-graining intuitively, consider the following: how many
extra yes or no questions do you need on average to deduce p'if you're given ¢?

If £ = m Vn is not true then p and ¢ are identical. So in this case, 0
extra bits of information are necessary to deduce p.

If £ = m V n is true then you think p’s true state is m with probability

Emand n with probability 2. So in this case, H ([”—m, &D extra bits of
Pr Pk Pk’ Pk

information are necessary to deduce p.

Since k is not true 1 — p, of the time and true p; of the time, on aver-

age you need py, - H ([%, Z—:D extra bits of information to deduce p. Thus,
the coarse-graining property simply demands that the number of extra yes
or no questions necessary to deduce p given a coarse-graining ¢ is equal to

the difference in entropy between p and ¢.

Remarkably, all continuous, symmetric functions which simultaneously max-
imize information under uniformity and satisfy the coarse-graining property

are of the form:
dim p’ 1
H@E) = pilogs (;) ,

il
i.e. all such functions are identical up to a constant factor.
Throughout this thesis, we set B = e for convenience and still call the units

of H ‘bits’ even though they are technically ‘nats’. To convert between bits
and nats, note:

In(2) - log, (l) —In <1> 51 bit = In(2) nats

Di
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A.3 Joint and Conditional Entropy 4+ Mu-
tual Information

Given two discrete random variables X and Y whose outcomes are indexed
by I and J respectively, the number of bits required to deduce (X,Y") is:

H(X,Y)= > pylog, (%)

(i,5)elxJ K

where p;; is the probability of i A j. For this reason, H(X,Y) is called joint
entropy between X and Y.

Via a series of collapses which create super-events Ve (i A j) = i we can
coarse-grain (X,Y) as X. Thus, given X, we require H(X,Y) — H(X) ad-
ditional bits of information of information to deduce Y. This allows us to
define the conditional entropy of Y|X as:

HY|X)=H(X,Y) - H(X)

Since knowing X on average falls H(Y|X) bits short of knowing Y, knowing
X on average reveals:

I(X:Y) = H(Y) - HY|X)
bits about Y. We call I(X;Y') the mutual information between X and Y.
Note:
1(X;Y) = H(Y) = [H(X,Y) = H(X)] = [H(X) + H(Y)] - H(X,Y)
is symmetric in X and Y. Thus:
H(Y) = H(Y|X) = H(X) - H(X|Y),

i.e. the amount of information X reveals about Y is equal to the amount of
information Y reveals about X.

Let’s go back to our initial game with Alex. Suppose you only care about
knowing Alex’s mystery number but your partner, Charlie, only cares about
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knowing another friend Bob’s mystery number. Alex and Bob team up and
choose their mystery numbers in the following manner: First, Alex generates
R, ~ Unif({0,1...1023}) and Bob generates R, ~ Unif({0, 1...1023}). Next,
Alex sets their mystery number to X = R, — R, and Bob sets their mystery
number to Y = R, + R,. After you play Alex or Charlie plays Bob, the
two of you can communicate to help the other person. Will you on average
help Charlie more by playing first than Charlie on average will help you by
playing first? Since mutual information is symmetric, you and Charlie will
help each other equally!

A.4 Kullback—Leibler Divergence

How much will it hurt you if Alex lies? For instance, if Alex actually draws
R from the distribution where events i € [0, 1023] occur with probability:

i+l
P 519 1025

but tells you R is instead drawn from the distribution:

1

%= 7024

then how many extra bits of information will you on average use to guess
Alex’s number?

Since you think R is drawn according to ¢, you believe halving the mea-
sure of possible outcomes with each question will result in asking:

1
qi

questions to deduce event i. Hence, you will on average require:

> pilog, (l): 3 10p, =10

i€[0,1023) ¢ i€[0,1023)

bits to guess R.
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However, if you were to actually halve the measure of possible outcomes
with each question you would require:

1
log, <17> =9 + log,(1025) — log,(i + 1)

bits to deduce event 7. As a result, you would ideally only ask:

1
> pilog, (—) = Y pi-(9+10g,(1025) — log,(i + 1)) & 9.722
i€[0,1023) ! i€]0,1023)]

questions on average to guess R.

Thus you end up using about:
10 —9.722 = 0.278

extra bits to guess Alex’s number.

In general, since our optimal ‘halving’ strategy relies on knowing the ac-
tual distribution p" we should expect any other strategy (namely ones that
are misinformed and designed for ¢) to perform worse, i.e.:

1 1
Sotons () 2 S oems 1)
iel i i€l pi

We call the term on the left the cross-entropy of ¢ relative to p and denote
it H(p,q). We can quantify the inefficiency of our misinformed strategy by
subtracting H (p) from the cross-entropy above to attain:

> pilog, (]ﬁ> >0
iel i

We call this the Kullback-Leibler divergence from ¢ to p and denote it as
KL(pP'|| ). To prove that knowing the true distribution 7 will result in using
the fewest number of bits on average we need to prove:

p'=argmin KL(p'|| 7)
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Note since e*~! > x — x — 1 > In(z) we have:

- Di
KL || §) = pilog, (3)

icl
qi
= —logy(e) - Zpi In (—)
iel Pi
qi
> —log,(e) - sz‘ (f — 1)
iel D
~loga(e) - 3 (pi — )
icl

=0

with equality holding iff Vi € I:

In (q_) _ %y
Di Di

% _

Di

This is occurs iff Vi € I:

i.e. ¢ = p minimizes KL(p'|| q).

The non-negativity of K L-divergence also allows us to prove that the uniform
distribution maximizes H! Note:

o 1 1
KL §) >0— ) pilog, (—) > " pilog, <—>
i€l i iel pi
If Vi € I we set q; = ‘71‘ then:
In(|1]) = H(p)

with equality holding iff Vi € I, p; = -

A.5 Information Never Hurts

For two discrete random variables X and Y:

I(X;Y) >0,

48



i.e. we don’t expect learning X to make knowing Y harder since we at most
need as many bits on average as before. Proving this fact however requires
us to establish a crucial relationship between K L divergence and mutual in-
formation, which we now investigate.

Suppose X and Y are indexed by ¢ € I and j € J respectively. If one
assumes X and Y are independent (i.e. X reveals no information about Y
and vice versa) then by linearity of expectation:

H(X)+H(Y) =Y pilog, ( >+Zp] log, (—)

iel jeJ b;

Z = logz( ipj)

(i,5)eIxJ

bits of information are necessary to deduce (X,Y).

Since:
I(X;Y)=[H(X)+H(Y)] - HX,Y)

, mutual information quantifies how many extra bits of information one asks
to deduce (X,Y") if they assume X and Y are independent.

In the language of KL divergence, this translates to:

() ()

(¢,5)eIxJ (4,5)eIxJ

Z Pijlogy (pl] >

(6,5)ElxJ Pibj

= KL(px,v)llpx ® py)

where p(x,y) corresponds to the joint measure of (X,Y) and px ® py corre-
sponds to the product measure of the marginals px and py. As we saw in
the previous section, K L divergence is always non-negative so it follows:

I(X;Y) = KL(pixy)llpx ®py) >0

as desired.
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